ON THE COMPACTNESS OF INTEGRAL CLASSES WILLIAM P ZIBMER
l Introduction* In a previous paper, [8] , integral currents were used to develop a concept for non-oriented domains of integration in Euclidean %-space. This concept has been designed to be useful in the calculus of variations and this, therefore, demands that the domains of integration satisfy certain "smoothness" and "compactness" conditions. It was shown in [8] that these non-oriented domains, which are called integral classes, do possess the desired smoothness property and it was also shown that the integral classes possess the following compactness property: every iNΓ-bounded sequence of ^-dimensional integral classes has a subsequence which converges to some flat class. In the case that k = 0,1, n -1, or n, it was shown that the limiting flat class is, in fact, a rectifiable class, and therefore, a desirable compactness property is obtained.
The main purpose of this paper is to extend this compactness property to integral classes of arbitrary dimension under the assumption that certain "irregular" sets have zero measure (3.1) . This is accomplished with the help of a theorem concerned with the behavior of the density of a measure associated with a minimizing sequence (2.8) , and by relying heavily on the tangential properties of rectifiable sets. In the case of the Plateau Problem, two theorems concerning densities are proved (2.3, 2.4) which are analogous to results obtained in [6] and [3; 9.13] .
Most of this work depends upon the paper [8] , and therefore, the terminology and notation of [8] is readopted here without change. It will be assumed throughout that 1 < k < n -1.
2. Densities* In this section, the Plateau Problem is formulated in terms of integral classes and two theorems are proved which are analogous to results obtained in [3; 9.13] and [6] . Theorem 2.8 asserts that a portion of the irregular set, A 8 , which appears in (3) below, has zero measure. A similar result, which states that D*(μ, R n f x) < oo μ-almost everywhere and therefore that μ(A s ) = 0, is still lacking. Proof. Let e t be a sequence of real numbers tending to zero where
Let B o be the set of all 0 < r < r 0 with the property After passing to a subsequence, we may assume by Helly's theorem that φ(r) = limi^oo φ^r) exists whenever 0 < r < r 0 , and therefore by [3; 9.7] , we have 
φ\r)lφ(r) ^ klr . Letting θ(r) = /^[S(OJ, r)], we have that ^(r) = ^(r) for Li-almost all 0 < r < r 0 and thus, from (2) , it follows that θ\τ)jθ{r) ^ fc/r for L Γ almost all 0 < r <r 0 .
Since logo(9 is non-decreasing, one finds by integrating this inequality that θ(r)r~k is non-decreasing on {r: 0 < r < r 0 } and therefore, establishes the theorem. [8; 4.6] with k replaced by k -1.
Proof. Choose x$spt a so that φ(r) Φ 0 provided r Φ 0. For each r e B 2 , and for i = 1, 2, 3, , from [8; 4.7] one obtains σ i e I k {{y: distance (x, y) ^ r}, 2) such that
Hence, <pi(r) < -^((Tί) + ε* which implies
where εf -> 0 for appropriate subsequences. From the fact that ψi(r) g φ'i(r) and from (1) and (2), we have
) + εf
and therefore, from [3; (9.7) ]
That is, for L^almost all 0 < r < r 0 ,
Now, integration of this inequality implies
and therefore establishes the theorem since φ(r) = /jί[S(α;, r)] = θ{r) for Li almost all 0 < r < r 0 , and since θ is left-continuous.
LEMMA. If μ is a non-negative Radon measure over R n , then for μ-almost all x e R n ,^^f

>0. μ[S(x, r)]
Proof. For /^-almost all xeR n , we have 
[S(x,r!2)] μ[S(x,r)]
This would imply
hence, it would follow that
and [5] , we have the following theorem: 
F is a family of closed spherical balls in R n such that each point of E is the center of arbitrarily small members of F, and μ is a non-negative Radon measure over R n , then F has a disjointed subfamily covering μ-almost all of E.
Proof. The proof is by contradiction: by 2.5 we may assume the existence of a set E and a real number a > 0 such that for xe E,
Therefore, for a given ε > 0 and for a Gί?, there exists a set #,c(0,1) such that I?* contains at least a denumerable number of elements and such that, if r e B x , (1) Now by use of [8; 4.6] one can find a constant c and integral classes ft.i> σ ij suc h that,
For ΐ ^ i 0 and 1 g i ^ m, (2) and (3) imply hence, from (4), (4) and (6) imply that, for i ^ ί O r
Since C< = r< -Σ r< n s if y + Σ p<j ,
3=1 3=1
it follows from (5) that, for i ^ i 0 ,
Now, with U -U?=i^(%, ry), we have from (1)
There exists an integer ^ ^ * 0 such that for i ^ ij, therefore, from (8) and (9),
But μ( U) > μ(E) -ε, and therefore we finally obtain, for i § i u M(ζi) + α^E 1 ) g Afir,) + ε^-' α AfίΓί) + 2aε .
Hence, from this inequality and (7), it is now clear that we can find a sequence of integral cycles ψi such that lim W(fi -r) = 0 ,
which is a contradiction since /*(.#) > 0 and a > 0.
3, The main theorem. In this section, the main theorem, which is concerned with the compactness of integral classes, is established. In the proof, an essential role is played by a decomposition theorem due to Federer [4] , which will now be discussed.
Recall from [8; 5.13] , that if A is a compact subset of R Since Af] E is a Hausdorff fc-rectifiable set, by [8; § 3] , we can identify A n E with a rectifiable class. Hence, the theorem asserts the existence of a rectifiable class to which {rj converges.
For the proof of the theorem, we will need the following lemma, 
Proof of the theorem. It is sufficient to show that the conclusion holds for a subsequence of the given sequence. Passage to subsequences, which often occurs in what follows, will be indicated by words but not notationally. The proof will be divided into four main parts.
Choose 0 < 8 < 1 and let y(B) = H\A Π B) where B is any H k measurable set. In view of the assumptions and with the aid of [4; (3.8)] we know that μ is absolutely continuous with respect to 7. Let P(x) be the μ approximate tangent Λ-plane to A at x and let K(x, r) be the open w-cube with center at x, side length 2r and one of its Λ-faces parallel to P(x). In this proof, densities will be computed by using these cubes and 2.6 will be used with cubes instead of spheres; this does not change anything. Using the methods of [8; 5.14] , for ε > 0 we have the existence of a positive number r x {x, ε) such that for r ^ r x {x y ε), 
where e(#) = b k D(x), a > 1 -ε, and where 6 is the number provided by 3.2. We will consider only those r for which u[K*(x, r)] = μ[J5Γ*(αΣ,r/δ)] = 0, where K*(x, r) denotes the boundary of the cube. Since this omits at most a denumerable number of cubes, we have a Vitali covering of A and therefore, by 2.6, there exists a finite number of disjoint cubes
, and assume ε to be chosen so as to satisfy the following inequalities, where c t and c 2 are the constants in [8; 4.6] :
/4 where L is described below, [8; 4.1] implies that
where L is the Lipschitz constant of the function that defines K(x, s). Therefore, by appealing to Fatou's lemma, there exists a number t between r/δ and r and a subsequence {τ^} (which will still be denoted by { τ i}) such that
Hence, letting σ i = τ< Π -K"(OJ, ί) from (1) and (2), we have the following for all elements of a subsequence: , t)-A[) K(x, t) ] spt σ { c closure K(x, t), spt da t = K*(x, t) .
Let U, = {x: distance (x, P) > s}. For each σ { of the above subsequence, we have from [8; 4.1] 
so that again by appealing to Fatou's lemma, there exists a number s 0 such that eί/2 < s 0 < εt and a subsequence {σ { } such that for all members of this subsequence,
and note that (6) where p: R n -^ P is the orthogonal projection. If we let (7) 0, = 8(σ, n iV) -(θ^) Π 2SΓ= 9(σ< Π C/) -(βσ*) Π C/ and χ< = p t (^ Π JV), then in the notation of [8; 4.6] with A = closure (P Π K) and B = PΠ ίΓ*, we have from (3), (5) , and (6),
Hence, by [8; 4.6] , there exists λ< e / fc (^4., 2) such that
If we let Ψi = Xi -\ i9 then we have spt α/r ί c closure P Π K , (8) Hence, we will consider the two following possibilities: ψ< = 0 for all but finitely many i or ψ { = P Γl K for all i of a subsequence.
1. Suppose ψ t = P Π K for some subsequence. Then from (4), (8) , and (3), Part 3. Choose 0 < δ < 1 and let {<5J be a sequence of real numbers tending to zero with ΣΠ=i $% < ^/3. Part 2 supplies a set A δi . Now repeat the procedures in parts 1 and 2 to the set A -A δχ with the restriction that only those cubes that do not intersect the closure of A δl should be considered. Since the μ measure of the frontier of A δl is zero, those cubes with centers on the frontier of A δi need not be considered. Also, the subsequence that is obtained for the set A δl is the one that should be used in the procedure for A -A δl . Hence, we will obtain a subsequence of the sequence obtained for A δl and a set As 2 such that A δa is the finite union of open disjoint cubes with Part 4. Choose δ > 0 and again let {δj be a sequence of real numbers tending to zero. After obtaining the set iJ δl , repeat parts 1, 2, and 3 to the set A fΊ H 8l and to the sequence that was obtained for A Π H δl . Since H δχ is open, we can require that H h c iϊ δl . Continue this process and let E = ΠΓ=i ί^ to obtain μ(A -£7) = 0. By employing Cantor's diagonal process, we obtain a sequence {τj such that Wfo -An H Sj ) < δj for large i. Choose i 0 such that δ jo < δ/2 and τ(A n H δi -AΓ\E)< δ/2. Thus
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